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Abstract 

In this paper, based on the principles of linear response theory, we compute 
the longitudinal DC conductivity associated with Lifshitz like fixed points in the 
presence of chiral anomalies in (3 + 1) dimensions. In our analysis, apart from 
having the usual anomalous contributions due to chiral anomaly, we observe an 
additional and pure parity odd effect to the magnetoconductivity which has its 
origin in the broken Lorentz (boost) invariance at a Lifshitz fixed point. We also 
device a holographic set up in order to compute (z = 2) Lifshitz contributions to 
the magnetoconductivity precisely at strong coupling and low charge density limit. 


1 Overview and Motivation 

1.1 Chiral anomaly and Magnetoconductivity 

The various implications of quantum anomalies n-ra on relativistic hydrodynamic sys¬ 
tems pi] has been an active area of research for the past couple of decade^] [5j-|7j- The 
fact that is well understood by now is that the presence of anomalies always induce trans¬ 
port processes in a relativistic hydrodynamic system without any effects of dissipation 
and thereby they do not contribute to the local entropy production with in the system 
itself urn Keeping the spirit of this intriguing fact, it is noteworthy to mention that 
the physics of (chiral) anomalies has attained renewed attention for the past one decade 
in the context of relativistic heavy ion collisions where during the early non equilibrium 
stages of the collision one might have an imbalance between the number of left handed 
and right handed quarks [26]-[28]. This phenomena leads to so called axial anomalies 
which trigger an electric current in the presence of an external magnetic held [26]-|28J. 

*E-mail: dibakarphys@gmail.com 

1 As an example one might consider the hydrodynamic description of hot chiral QCD with two flavor 
d.o.f at temperatures much higher than the QCD transition temperature. In the absence of external 
magnetic field, both the isospin as well as the axial isospin currents are conserved. On the other hand, 
when an external magnetic field is switched on, the corresponding constitutive equations receive anoma¬ 
lous contributions and thereby the axial (isospin) current is no more conserved [7j. However, such a non 
conservation due to anomaly requires both the electric field as well as the magnetic field along the same 
direction. 
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Chiral anomalies in (3 + 1) dimensions lead to anomalous transports of two types 
at the level of the first order dissipative hydrodynamics. The first one is known as the 
chiral magnetic conductivity, which is the transport associated with electrical conductivity 
parallel to the direction of the magnetic hied. The other (anomalous) transport associated 
with chiral anomalies is known as the chiral vortical conductivity [29]-[30] which is the 
transport associated with the induced current sourced due to the vortices present in the 
fluid [29]-[3Q]- Keeping these facts in mind, one could in principle express the constitutive 
relations corresponding to a U( 1) charged anomalous fluid in the Landau frame a^U [31], 


rpflV 


J» 


(e + p)u tt u v + pg^ - 7 1 P fia P^(V a u fi + Vpu a ) - 

qu» + a E (V - TP^V U (^)) + a R B>‘ + a v ^ 



P^(V.w) 


( 1 ) 


where, P^ u = g + u^u 1 ' is the usual projection operator and erg and oy are respectively 
the chiral magnetic and chiral vortical conductivities. 

In [31], the authors had shown that these two transports could in principle be fixed 
almost uniquely within the theory itself by demanding the positive definiteness of the local 
entropy current. However, it was shown later on that depending on the temperature of the 
system one could still add various other terms to these anomalous transport coefficients 
as undetermined integration constants [32] . Keeping the spirit of our current discussion, 
it is noteworthy to mention that the computation of the anomalous transports directly 
by using the Kubo formula has been initiated recently [33]-[34] where the analysis has 
been extended in order to incorporate the effects of mixed gauge-gravitational anomalies 
in four dimensions |35]-|40j. At this stage it is noteworthy to mention that the Kubo 
formulae for anomalous transports are in fact quite different from that of the usual Kubo 
formulae for dissipative transports. In order to evaluate anomalous transports using Kubo 
formulae, one first needs to take the zero frequency limit and then the zero momentum 
limit. Whereas on the other hand, in case of dissipative transports it works the other way 
around [33]. 

The effects of mixed gauge-gravitational anomalies in four dimensions appear in a 
strange manner. The reason for this rests on the fact that although these effects are 
higher order in derivatives, still they show up as a purely temperature dependent effect 
at the first order level in the derivative expansion. However, at this stage it is customary 
to note the following fact: In case of pure chiral anomalies, using the notion of positive 
definiteness of the local entropy production one could in principle fix the corresponding 
transports associated with it. On the other hand, no such analogous method has been 
developed yet in order to fix the transports associated with mixed gauge-gravitational 
anomalies. 

One of the intriguing features of chiral anomalies in (3 +1) dimensions is the existence 
of the longitudinal magnetoconductivity along the direction of the external magnetic held 

2 At this stage it is noteworthy to mention that considering a most general approach, one could in 
principle construct anomalous hydrodynamics with n number of anomalous charges (p^). However, 
physically the most interesting situation arises when we consider the case with n = 2 17(1) charges. In 
that case one needs to define an axial vector current (J§) and the vector current (J^) where the later 
one is guaranteed to be conserved by means of the Bardeen counter term. For the purpose of our present 
computations, we would however stick to the n = 1 case where the 17(1) current that we consider plays 
the analogous role of the axial vector current p)9j . 
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|3T]-|46] . In other words, in the presence of chiral anomalies, there appear to be ad¬ 
ditional contributions to the longitudinal DC electrical conductivity along the direction 
of the background magnetic field. This additional contribution strongly enhances the 
value of the DC electrical conductivity from its usual value. The existence of negative 
magnetoresistivity in Weyl metals has been investigated extensively in [T2j. This analysis 
eventually hints towards an experimental realization of axial anomalies under a solid state 
set up. In their analysis 021, the authors claim that although the negative magnetoresis¬ 
tivity is concerned with the triangle anomaly, still it takes place at the classical level where 
one could ignore the electron mean free path compared to the magnetic length scale of 
the theory. In the following we summarize various characteristic features of longitudinal 
magnetoconductivity [35] : 

• In the context of relativistic (z = 1) hydrodynamics, this effect is solely generated by 
the chiral anomaly itself, which therefore disappears in the absence of the anomaly. 

• The contributions coming from various dissipative effects (for example, the energy re¬ 
laxation, the charge relaxation and the momentum relaxation) present in the system play 
crucial role in order to generate a finite longitudinal DC magnetoconductivity within the 
system. 

• Moreover, in [35], considering the zero charge density limit, the authors had computed 
the anomalous contribution to the DC electrical conductivity under a holographic set 
up. These computations eventually correspond to longitudinal magnetoconductivity in a 
strongly coupled system. From their analysis, one could easily notice that the anomalous 
contribution to the conductivity goes as, ~ T~ 2 and is proportional to the square of the 
external magnetic field. 

1.2 Hydrodynamics at a Lifshitz fixed point 

For the past few years, the hydrodynamic description of quantum critical systems with 
Lifshitz scaling symmetry m-m has been an active area of research due to its several 
remarkable features among which the most significant one is the description of strange 
metals near the quantum criticality where the usual Landau Fermi liquid theory does not 
hold good. Quantum critical points are believed to be the best candidates in order to 
describe several physical properties of heavy Fermion compounds including the high T c 
superconductors. The hydrodynamic description of Lifshitz like fixed points exists under 
certain limiting conditions namely, when the length scale (It ~ T~ l ' z ) associated with 
thermal fluctuations is quite small compared to that of the correlation length (£ It) 
of the theory. This hydrodynamic sector also covers part of the superconducting dome 
where the symmetry is broken spontaneously. 

Lifshitz fixed points are always special in the sense that Lifshitz symmetry algebra 
does not include the generators of the Lorentz boost symmetry which eventually results 
in a number of additional transports in the hydrodynamic description of the theory. This 
point could be further elaborated as follows. We know that the divergence of the Noether 
current (M.^ vX ) associated with Lorentz invariance could be formally expressed as, 

d, t M llvX = T uX - T Xv . (2) 

It is therefore quite evident from the above equation ([2]), that if the corresponding current 
associated with Lorentz transformations is not conserved then the stress tensor need not 
necessarily have to be symmetric namely, T vX ^ T Xu . 
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The role of parity breaking transports (in (3 + 1) dimensions) on the hydrodynamic 
sector of the Lifshitz like fixed points has been explored very recently in [52]. There 
the authors study the effect of chiral anomalies on the hydrodynamic transports in the 
presence of the broken Lorentz boost invariance. From the experimental point of view 
such a theoretical attempt is important due to the fact that most of the strange metal 
phenomena are observed either in magnetic materials or in the presence of the external 
magnetic field. In there analysis, the authors have found that apart from having the 
usual parity odd transports namely, the chiral magnetic conductivity as well the chiral 
vortical conductivity one encounters additional (non)dissipative transports (due to the 
broken Lorentz symmetry) which could be uniquely fixed by demanding the positivity of 
the local entropy production [52] . 

1.3 Our goal 

Keeping the spirit of the discussions made so far, the purpose of the present article is to 
carry out an explicit analytic computation of the magnetoconductivity associated with 
Lifshitz like fixed points under the framework of the so called linear response theory. From 
the experimental point of view, some of the crucial theoretical predictions of our analysis 
should be testable in various solid state set up (particularly in strange metal system^]) 
in the near future. In our analysis, we are particularly interested to explore the following 
issues. 

• The primary concern of our analysis would be to explore the Lifshitz sector (we call 
it as ©£) of the longitudinal DC electrical conductivity ( a D c ) and in particular how the 
effects of chiral anomalies enter into this sector. 

• The second motivation of our analysis would be to study the effects of relaxation time 
in this sector and in particular the behavior of ©£ in the low frequency (to) limit i.e, 
whether there exists any pole in the limit to —>■ 0. 

• Finally, our aim would be to sketch a holographic set up in order to evaluate the entity 
©£ under certain specific assumptions namely, in the limit of the zero charge density (p) 
and at high temperatures (T). This formulation would eventually provide us with some 
basic characteristic features (like the scaling of ©£ with temperature) of ©o at strong 
coupling. 

The organization of the paper is the following. In Section 2, we review the parity 
odd Lifshitz hydrodynamics in (3 + 1) dimensions. In Section 3, we compute the mag¬ 
netoconductivity for Lifshitz like fixed points in (3 + 1) dimensions. In Section 4, we 
provide a holographic platform in order to evaluate the Lifshitz contribution (©g) at 
strong coupling. Finally, we conclude in Section 5. 


2 Lifshitz hydrodynamics 

2.1 Uncharged fluid 

We start our analysis with the formal introduction to the basic characteristic features 
of Lifshitz hydrodynamics in general in d + 1 dimensions m- Hydrodynamic systems 

3 As for example, one could list certain ferromagnetic materials like, MnSi , ZrZnz, unconventional 
cuprate superconductors and iron pnictides, electronic nematics like Sr^R^Oi etc. ni l 5 T . 
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with Lifshitz scale invariance differ significantly from that of the usual (Lorent invariant) 
relativistic hydrodynamic systems due to the presence of the new transport coefficients 
allowed by the lack of (Lorentz) boost invariance. Due to the presence of the rotational 
invariance, these additional transports could be attributed starting from the first order 
dissipative level in the constitutive relation of the stress tensor namely m, 

= euv + pP" + nSr' + n'y 1 + (i^niy 1 + unJrtu,, (3) 

where, e and p are respectively the energy and the pressure density and P^ = r]^ u + 
is the so called projection operatoi0. Note that here and Ilj^ are respectively 

the symmetric as well as the antisymmetric combination of the dissipative terms at the 
level of the first order derivative expansion whose details will be fixed going into certain 
specific frame of reference as well as by imposing constraints due to the second law of 
thermodynamics. 

In our analysis, we restrict ourselves to Landau frames namely, T^ u u u = —euK This 
eventually constrains the form of dissipative terms in the constitutive relation (l3lh For 
example, the symmetric part of the dissipation must satisfy the condition TVgU v = 0. On 
the other hand, the anti symmetric part takes the form, 11^ /] = ± (u»VX - vfVZ) 

such that VXu v = 0. Keeping these facts in mind, the energy momentum tensor of an 
uncharged (Lifshitz) fluid in the Landau frame takes the following form [52], 

= euV + pP^ + 11^ + vPVX- (4) 


2.2 Charged fluid 

In order to define charged fluids with Lifshitz scaling symmetry, one needs to consider an 
additional constitutive relation for the 17(1) charged current namely [52 ], 

= gu » + r^ 1 (5) 

where is the full first order dissipative correction to the charge current that contains 
all the terms at the level of the first order in the derivative expansior@. Following our 
previous arguments, in the Landau frame we are supposed to impose certain constraints 
over the dissipative corrections to the charge current, namely = 0, which thereby 
determines the charge density as, g = 

Before we proceed further, it is important to have some discussions on the scaling 
dimensions of various thermodynamic entities and/or physical parameters in a theory 
with Lifshitz scaling symmetry. For a theory with the Lifshitz scale invariance, 

t —» X z t, x l —» Xx\ i — (6) 

the temperature (T) as well the chemical potential (/i) scales as, [T] = [//] = z. The speed 
of light on the other hand is considered to be a quantity with non zero scaling dimensions 

4 Here u^ is the four velocity such that = — 1. 

5 In principle contains the full set of dissipative corrections due to both parity even as well as parity 
odd terms in the constitutive relation at the level of the first order derivative expansion. However in this 
section we only consider contributions coming from the parity even sector which we denote as Tp. The 
parity odd sector will be included in the next section. 
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namel\0, [c] = z — 1. The scaling dimensions corresponding to the rest of the parameters 
of the theory turn out to be, 

K] =0, [e] = \p\ = z + d, [p] = d. (7) 

Like in the uncharged case, in the constitutive relations corresponding to a charged 
viscous fluid one can in principle add all possible terms that come up with derivatives of 
the fluid velocity (id 1 ), temperature (T), chemical potential (//) and the gauge held (A M ). 
Not all of these terms are physically relevant and they turn out to be highly constrained 
due to the second law of thermodynamics which could be expressed mathematically in its 
local form as, 


where, 


> o 


f s = su» - 


( 8 ) 

(9) 


is the so called entropy current where s is the canonical entropy density that obeys the 
Euler relation, 


e + p = Ts + pg 


( 10 ) 


as well as the first law, 


5e = T5s + p5g. 


(ii) 


After some straightforward calculations, the most general (parity even) viscous terms 
allowed by the second law of thermodynamics could be formally expressed as 


= euV + P P^ (d a up + dpu a - | P a p(d.u) \ - (P^{d.u) 

-ai/a 1 ' - 2 a 2 u fl E * * * v + 2 a 2 Tu?P va d a (12) 


,F = ptffi + 2a 3 a^ + a F W - a E TP^d a (£) (13) 

where, E M = F^u u is the external electric held strength and cffi = u a d a u^ is the accel¬ 
eration. Finally, it is the positivity of the entropy current that essentially imposes the 
following constraints on the transport coefficients namely [52] , 

V > 0, C > 0, cr E > 0, a E a 1 > (a 2 + oi^) 2 . (14) 

6 In particular, for field theories at a Lifshitz fixed point (z > 2), the Lorentz invariance is explicitly 

broken near the UV scale of the theory and as a result the speed of light at that scale may turn up to 

infinity. This leads to the modification of the so called dispersion relation at short distances namely, 

v g ~ z (-| j)~ , where, q is the spatial momentum and M is the mass of the scalar particle such that, 

q » M near the UV scale of the theory [55]. For such theories, however, the Lorentz invariance could 
be restored back at large distances where one could (approximately) set the speed of light equal to unity. 
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2.3 Parity odd transport 

We now restrict ourselves to 3 + 1 dimensions and extend the above formalism by con¬ 
sidering the parity odd transports that one could possibly add (at the level of the first 
order derivative expansion) to the constitutive relations of the stress tensor ( T fJjU ) as well 
as the charge current (J M ). These parity odd transports have their origin into the chiral 
anomalies associated with Weyl fermions in (3 + 1) dimensions namely [31] , 

3^ = cE.B' 1 . (15) 

The resulting parity odd terms that one might add to the stress tensor (T /w ) as well 
as the charge current (J A ‘) could be formally expressed as [52], 

Tp V = -TPuuW -T$bu >l B v 

TJ, = o v u» + o b B». (16) 

Note that here cand B M are respectively the vorticity and the external magnetic field 
strength that could be formally expressed as [31], 

^ = le^UvdpU',, B* = X - e ^° Uv F pa . (17) 

The corresponding entropy current could be readily expressed as, 

f s = su? - + D v lo ■** + D b B^ (18) 

where the last two terms on the r.h.s. of (Il8li are imposed by hand in order to ensure the 
positivity of the entropy current From (fTSlh it is in fact quite trivial to compute the 
divergence of the local entropy current which for the present case turns out to be [52] , 

d p jg = A p + Ap (19) 


where, 

Ap = -Ipir V- - “p (e, - TP, *d„ (£)) (20) 

is the contribution of the parity even sector to the entropy current and, 

A t = ~fK,r a » + ( E »~ TP “ " 9 - (f)) " Y E “ B “ + d ^ Dv ^ + s,(d b b“)(21) 

is the contribution that comes from the parity odd sectoi@. 

As reported by the authors in [52], the positivity of the entropy current could be 
ensured iff the parity odd terms cancel among themselves. This cancellation could be 
realized on-shell i.e; by using the ideal hydrodynamic equations. This also fixes the 
acceleration as [52], 

a " = — —E 11 - —p^d v p. ( 22 ) 

e+p e + p 

7 For details see [52] , 
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Finally, by computing from (jT9T) and demanding the positivity of the entropy 
current one essentially ends up with the following set of solutions corresponding to the 
parity odd transports in 3 + 1 dimensions in the presence of the Lifshitz scale invarianccfi 

m, 

Pw 

(?B 

CJ V 

Combining all these pieces of information together, the complete set of constitutive 
relations (upto the first order in the derivative expansion) for a charged anomalous fluid 
at its Lifshitz fixed point could be formally expressed a^H, 

V 1U = euV + pP - r/P'^P 1 " 3 (d a u p + 

-OL X uPa v - 2a 2 u^E v + 2 - A lB pT 2 u^oj v (24) 

= qu» + 2a 3 a+ o e E» - a E TP> jrT d a + cj v lu» + a B B+ (25) 

Eqs (|24l) and (j25l) together with (|22l) is precisely the starting point of our analysis. 

3 Conductivity at Lifshitz fixed point 

With the above set up in hand, the purpose of the present section is to carry out an explicit 
computation for the anomalous longitudinal DC conductivity [45] along the direction of 
the external magnetic held in the presence of the Lifshitz scaling symmetry. We start our 
analysis with the following assumptions that in the hydrodynamic limit one can generally 
claim T > /x, E <C T 2 and |cP| -C T 2 so that it is sufficient to consider terms upto leading 
order in the derivative expansion and ignore all the higher order terms. 

To start with we consider our system to be in equilibrium in the so called grand 
canonical ensemble which is characterized by the Euler relation (ITOT) together with the 
following identity, 

dp = sdT + gdp (26) 

whose density matrix could be characterized in terms of two physical parameters namely, 
the temperature (T) and the chemical potential (/i) along with a specific choice for the 
velocity vector held namely, u M = (1, 0, 0, 0). Moreover, we assume that initially there is a 
background magnetic held (f8) along the z direction and there is no background electric 
held (P M = P* M = 0) to start with. Under such circumstances different components of 
the stress tensor as well as the £/( 1) current could be formally expressed as, 

T tt = e{n, T), T u = 0, T u = p(p, T), J l = g{p, T), J z = a B K. 


dpu a - -P a p(d.u) ) - C P^id.u) 


47 bP'T, p B — 0 
( Qd 2 
V 2 (e + p) 

2 QP? 


QT 2 
e + p 


1b 


= c \p 


3 (e + p) 


+ 2 1b T 2 1 


_pg_ 

e + p 


27. 


gT 3 
e + p 


(23) 


8 Tlie enthusiastic reader should consult [52] for the details of the derivation. 
9 By demanding the CPT invariance we would finally set, 7 ^ = 0 [52]. 


( 27 ) 








We now perturb our system by turning on an external electric field SE M and we focus 
particularly on the longitudinal component of the electric field (SE Z ) since this is the only 
component that is responsible for the anomalous contribution in the DC conductivity. In 
the following we enumerate all possible perturbations in the system upto linear order in 
the fluctuations, 

5E Z = 5F tz , 5E X = 5F tx + <B6u y , 5E y = 5F ty - <35u x 
/i(t,x) = /i + <5/i(t, x), T(t, x) = T + ST(t, x), w M (f, x) = (1, Sui(t, x)). (28) 


With the above perturbations (1281) in hand, it is in fact quite straightforward to show 
that the following relations are true upto leading order in the fluctuations, 


5T tt 

5T U 

5T U 

ST ij 


5e 

(< e+p)5u l - 
(<e + p)5u l 


Qtip 

e+p 


+ 2 a 2 SE i + S ij 


-^-d j 8p + 2a 2 Td j U^ 

e + p \ T 


2 W T 2 e tijk d j 5u k 


5 l3 5p - 7]S^S jm ( d k 5u m + d m Su k - -5 km d p 5u p ) - (5 lJ d k 5u k = 5T ]l 


5q + -a B 8B5u z 


5f 

8J X = q5u x + + 2a 3 

SJ y = g5u y + (^cfe + 2a 3 
5J Z = q5u z + ( a E + 2a 3 


Q > 

) 5E X - 

2q! 3 

e+pj 


e + p 

Q ^ 

1 5E y - 

2 a 3 

e + pj 

> 

e + p 

Q \ 

1 5E Z - 

2a 3 

e + p) 


e + p 


d x 8p - a E Td x + <j v d[ y 5u z ] 

d y 8p - cr E Tdy + a v d [z 8u x ] 

djp - <r E Td z + cr v d [x 8u y] + 5a B ^- (29) 


Note that the result 5T tl ^ 5T lt essentially reflects the fact that we are working with the 
Lifshitz isometry group where the Lorentz boost invariance is explicitly broken. 

Before we proceed further a few important remarks are in order. First of all, one 
should note that a Lifshitz fixed point is manifestly translation invariant. In other words, 
the Lifshitz symmetry algebra includes the generators of time translation (P t — d t ) as well 
as spatial translations (Pi = d z ) that satisfy the following subalgebra with the dilatation 
generator ( D ), 


[D,P t ]=zP t , [D,Pi\=Pi. (30) 

This eventually implies that in the vicinity of the Lifshitz like fixed points one might 
encounter with situations like infinite DC conductivity (due to the lack of momentum 
dissipation) that one generally encounters in the context of usual relativistic hydrody¬ 
namics due to the conservation of the linear momentum. The reason for this is that for 
a transnationally invariant system with finite charge density, the charge carriers could 
be accelerated upto infinite momentum in the presence of an external electric field [45] . 
Such a situation could however be avoided once we include the effect of dissipation in the 
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theory namely |45j . 


d^ST^ = SF tz J z + —ST^Up 

T~e 

d lt ST IJl = gSF tl + F HL SJ l>: + —ST ia UlJ . 

7~m 

d^J 1 ' = c 6E li B li + -6J li Un (31) 

T c 

where, r e , r m and r c are respectively the energy relaxation time, momentum relaxation 
time and the charge relaxation time. In general for systems with spatial anisotropy the 
value of T m should in principle be different along different spatial directions. However, for 
Lifshitz like fixed points we do not really need to worry about it as Lifshitz fixed points 
are manifestly rotationally invariant. Our next task would be to substitute (I2U1) into OTj) 
and restrict ourselves upto leading order in the fluctuations which finally yields, 


d t + —((e + p)8 r t 
7~m J 

d t + —\ ((e+p)5 
7~m J 


x '— [ x 


(d t + —^ ((e + p)8u z - 
V T m J 


(d t + ^ Se + dt [(e + p)Sui] - cj b ?8SE z = 0 

A^ B pT 2 d[ y 8u z ]) + d x 5p - r\ (d%5u x + ^d x d k Su^\ - (d x d k Su k 

= gSF tx + <B<5 J v 


y ^y d[ z 6U' r]) 5)y6p P \^k^^y c^y^k&^k J C ^y^k^Uk 

= g5F ty - 35 J x 

- A^ B pT 2 d[Ju y ]) + d z Sp - q (c%8u z + ^d z d k Su k ^j - (d z d k Su k 

= qSE z 

d t + ^ + ^a B ^88u z ) + <%Tj + d z Sa B %$ = c < B5E z 


(32) 


where each of the individual coefficients could be formally expressed as (i = x,y,z ), 

1 —'i 


T = 

a i 


Before we proceed further, it is important to note that in the parity even sector the 
coefficients associated with SEi as well as —diSpt are indeed the same. The only difference 
that appears is in the parity odd sector, namely in the coefficients associated with SE Z 
which are vividly distinct in the last equation of (l32]h In other words, in the absence 


a if? 

e + p 

CXlP 

e + p 


gSui + ( a E + 2 a 3 


+ 2 a 2 J SEi 

+ 2a 2 ) SEi 


e + p 


0/.\ 

e+p 

Ol\P 

e+p 

SEi 


diSp + 2a 2 Tdi [ S ^ 


+ 2a 2 ) diSpi + .. .. 

2 «3 


e + p 


diSp - a E Tdi (sfy + ^ k dj8u k 


a E + 2 a 3 


e + p 


SEi — ( <r E + 2a 3 


6 


e + p 


diSpi + .. .. 


(33) 
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of anomaly, there would not have been any mismatch between the coefficients associated 
with SEi and —d.\8pi- 

Performing first the Fourier transform for the fluctuations and thereby taking the zero 
limit for the spatial momentum (k —y 0) at the end we finally arrive at the following set 
of equations, 


tD m 

(e+ p)Su x ( +2 a^\ 8E X 

\e + P / J 

- igSF tx - m 

gSuy + (a E + 2a 3 —^ SE y 

Wto 

(e + p)5u y - (^~~~ + SE y 

- igSF ty + m 

gSu x + (a E + 2a 3 ) SE X 

l V e + P/ J 


to, 


(e + p)Su z 


a\Q 
e + p 


to e 5e — = 0 

= 0 

= 0 

igSE z = 0 


+ 2a 2 ) SE : 


tv c [8g+-a B <B5u z ) -ic<B5E z = 0 

(34) 


where the individual frequencies could be formally expressed as, 


1 % % 

tv e = to H-, ro m = tv H-, tv c = tv H— 

7~e Tm T"c 


(35) 


Before we proceed further, it is important to note down the following variations namely, 

(36) 


Se(p,T) = q 1 5h + q 2 8T 
Sg(p, T) = faSfi + foST. 


By means of the above set of identities (j36j) . our next task would be to solve the 
fluctuations namely 5u z , Sp and ST in terms the variations of the electric field strength 
which finally yields, 

_ igSE z fong \ SE Z 

\v m (e + p ) \e + p J (e + p) 


Sp = 
ST = 


S85E. 


(02&1 -fllta) V 

SSSEz 


1^2(7 R i(7 B Q2Q ^C02 


Oil g , _ \ < Ba B Q 2 SE z 

i i i - ~\~ ] - 

2t v m (e + p) \v c J \e + p J 2(e + p)(fl 2 f)i - Qifo) 


i\) X o B i<r B {he icfli \ / a x g 

+ x- 7 —:—v-I + I —-h 2 ck 2 


( 02 f)l - fllta) V «> e 2t V m (e+p) tl> £ 


e + p 


SBa B QiSE z 


2(e + p)(0 2 f)i -0if>2) 
(37) 


Before we proceed further, the reader should be able to figure out the basic differences 
between the set of solutions (l37|) obtained at a Lifshitz fixed point to that with the earlier 
observations made in the context of usual relativistic hydrodynamics [?5]. From (137]) . it 
is in fact quite trivial to note that corresponding to each of the individual fluctuations 
we always have an extra contribution whose origin could be understood as the lack of 
boost invariance at a Lifshitz fixed point . Therefore the above set of solutions (137|) might 
be regarded as a special class of solutions those are valid particularly in the context of 
Lifshitz hydrodynamics. 
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Finally, substituting (137|) into the last equation of (129]) and thereby considering the 
k —> 0 limit we note the following, 


SJ Z 


gSu z + 


(&e + 2a 3 



ancfiE z 


8E Z + 233> } <5/x + 23 <L (t) 5T 


where each of the individual coefficients could be formally expressed as, 


<3>(D 


_ lji(c/i 2 - 2y b T 2 ) + 2cgg g(gi + g)(cg 2 - 2y b T 2 ) 

2 (e + p) 2(e + p) 2 

(eg 2 - 27 B T 2 ) 1 i 2 - 47 B Tg g(cg 2 - 2^ b T 2 )(q 2 + s) 
2 (e + p) 2 (e + p) 2 


(38) 


(39) 


Here a B c is the anomalous DC conductivity at a Lifshitz hxed point that could be formally 
expressed as, 


&dc — &E + © + ©£ (40) 

where, 0 is the usual contribution to the anomalous DC conductivity corresponding to 
z — 1 hxed point [55]. On the other hand, @£ is the non trivial contribution to the 
conductivity that appears solely due to the Lifshitz scaling symmetry. In this sense (jjOj) 
is the generalization of the earlier observations [45] corresponding to Lifshitz like hxed 
points. The details of these coefficients could be formally expressed as, 

Q _ ig 2 / ifovB _ i(?BQ2Q + RgA 

rv m (e + p) (g 2 f)i -flita) V toe 2vo m (e+p) ra c ) 

| 23 2 $ (t) / ithcr B | icrsdig icgA ^ 

(02^1 — Sih 2 ) v to e 2 t v m (e + p) tu c ) 

_ / ctig \ f g _ j B 2 < h (M) crj ? g 2 23 2 <h (T) ff B gi \ 2 a 3 g 

\e + p a2 J\e + p 2(e + p)(g 2 f)i — 0if) 2 ) 2(e + p)(g 2 I)i - flita)/ e + p' 

(42) 

Eq. (140T) along with Eqs. (ITT]) and (142]) provides a complete description for the anoma¬ 
lous conductivity corresponding to Lifshitz like hxed points. In the following we system¬ 
atically enumerate a number of interesting observations one by one. 


• In the limit 23, c, 7 b —> 0, the conductivity along the longitudinal direction turns out to 
be, 


&DC — &e + 


ig 


to m (e + p) 


f Qii g 

\e + p 


T 2cr 2 T 2ex 


Q 

e + p 


(43) 


As usual the hrst two terms on the R.H.S. of (1431) corresponds to the usual contribution 
to the anomalous conductivity in the absence of the background magnetic held (23) [45]. 
The last term on the R.H.S. of (143]) is the contribution that solely arises because of the 
Lifshitz scaling symmetry. The source for the hrst two terms are hidden in the constitutive 
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relation for the stress tensor ( T ^ v ) while the third term has its origin in the acceleration 
piece appearing in the constitutive relation of the 17(1) current (J M ). 


• One could make various important observations by looking at the expression for ©£ 
quite carcfulhl^l. The first observation that one should be able to make is that clearly 
there seems to be a precise contribution of the anomaly sector on the charge current which 
is always coupled to the background magnetic held (03). The most amazing fact about 
the Lifshitz contribution to the longitudinal DC conductivity (ctdc) is that unlike the 
z = 1 case, even in the absence of the anomaly (c = 0), we have a precise contribution 
to (Jdc sourced by the external magnetic held (03) whose strength is determined by the 
coefficient 7 b which is the parity odd transport associated with the axial vector (aA) in 
the constitutive relation for the stress tensor (1241) . One could separate out this parity odd 
contribution to the magnetoconductivity as, 


©£ = 


Qig | o A & 2 qtV b 
e + P ° 2 ) 2(e + p)3( fl2 J, 1 - 01 r, 2 ) 


^02f)l - 011)2 - 


g(020 ~ 0is) 
e + p 



.(44) 


At this stage it is noteworthy to mention that for the z = 1 case, the effect of the exter¬ 
nal magnetic held (03) to the longitudinal conductivity ( a^c) is always coupled with the 
anomaly (c) itself [45]. On the other hand, as we have just seen, in the Lifshitz scenario 
the anomaly (c) is not the only candidate that contributes to the conductivity via ex¬ 
ternal magnetic held (03). All these observations eventually suggest that for Lifshitz like 
systems, even in the absence of the anomaly, one could in principle have a finite change 
in the chemical potential (<5/i) or in the temperature (ST) associated with the external 
magnetic held. 


• Like in the sector ©, one could also divide various contributions appearing in the 
Lifshitz sector ©£ mostly into three pieces. The hrst term is the usual contribution that 
appears due to the acceleration (Su z ) of the charged particles in the presence of an exter¬ 
nal electric hied ( SE Z ). The second and the third pieces are precisely the contributions 
that appear due to the change in the chemical potential (S/x) as well as the temperature 
(ST) of the system while switching on the external electric held (SE Z ). These last two 
effects are precisely the Lifshitz sector of the anomalous contributions to the longitudinal 
current (SJ Z ). 

• The significant difference that appears in the Lifshitz sector (0,e) of the anomalous 
conductivity is that unlike the previously explored [45] sector ©, the Lifshitz sector (0^) 
does not explicitly depend on the frequency (to) and it does not contain any pole in to. 
Therefore this piece is always finite at all frequencies. In other words, from Lifshitz sector 
one can always have a finite contribution to the longitudinal conductivity irrespective of 
any frequency. Moreover, it also does not contain any information about the relaxation 
times present in the system and therefore is completely blind to any effects of dissipation 
present in the system. 


• Finally, we would like to mention about the last piece of information available above in 
(142j) namely, which could be thought of as an effect arising due to the acceleration 

10 In this paper we are not interested in the piece 0 as it has been already discussed extensively in [45] ■ 
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of the charged particles in the system. We identify this effect as the consequence of the 
acceleration term present in the constitutive relation of the charge current (125]) . 


4 A note on holographic derivation 

The purpose of this section is to make an outline of the possible set up that will be required 
in order to carry out an explicit holographic computation for the physical entity ©e in 
the probe limit. With these calculations in hand, we shall atleast have some prescription 
in order to evaluate the actual value of the anomalous contribution of the Lifshitz sector 
to the longitudinal DC conductivity. The computation that we carry out in this section 
eventually assumes the following facts: 

• The gauge fields (A^) are considered to be in the probe limit, i.e, they do not back react 
on the background geometry. 

• The charge density (q) of the system is considered to be extremely small compared to 
the neutral d.o.f of the system. On the other hand, the temperature (T) of our system 
turns out to be extremely high so that the following limits hold true namely, ^ < 1, 
|c93| T 2 and p/T <C 1. With these assumptions in mind, the approximate expression 
for © £ turns out to be, 


a 2 ( B 2 crBlB f 0ifl2 A 

s 2 Ufh ) ' 


(45) 


Our job would be to evaluate the above entity (l45|) using the techniques of Gauge/gravity 
duality. 


4.1 The gravity set up 

The gravity set up for our present calculation in the bulk essentially consists of asymptot¬ 
ically (uncharged) Lifshitz black hole solutions in (4 + 1) dimensions. As observed in [56], 
the effective action for Lifshitz like black brane solutions could be formally expressed as, 


S 


1 

167tG 5 


d 5 xy/^g ( R — 2A — -d t 


2“^ 



(46) 


where, </> is the mass less scalar field, T is the hied strength tensor corresponding to an 
abelian one form (A^) and A is the negative cosmological constant. 

The resulting Lifshitz black brane solution that naturally emerges as a solution of (146|) 
could be formally expressed as [57] , 


<fe 2 = L 2 (-r^f(r)dt 2 + -^-+r 2 dA 
\ H/(r) ) 

f(r) = 1 ji^+3’ (t>{r)~\ogr , ~ Lr z+2 

= _ (z + 3)(z + 2) 

' 2 L 2 


(47) 


Before we proceed further, it is customary to note down the following important facts. 
First of all, here r 0 denotes the location of the horizon of the black brane. Whereas, on 
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the other hand, the boundary of the space time is located at r —» oo. Finally, the Hawking 
temperature (T), entropy density (s) as well as the energy density (e) for such space time 
configuration turn out to be, 


(z + 3)rQ L 3 r^ 3L 3 r^ +3 

47t ’ 4 G 5 ’ 167tG 5 


(48) 


4.2 Calculation of ©£ 

To start with, we define a new variable, 


u = 


r 0 


(49) 


in terms of which the solution (I47|) turns out to be, 


ds 2 = Lr 


r o\ 2z j., \ , l 2 du 


f(u)dt + . . 

u / u 2 j(u) 


+ Gr)’ <ix2 ) 


/(«) = l-«* +3 . 


(50) 


Note that in this coordinate system, the horizon of the Lifshitz black brane is located at 
u — 1 , whereas on the other hand, the boundary is located at u — 0 . 

In order to describe the boundary (Lifshitz) hydrodynamics of a charged anomalous 
fluid in (3 + 1) dimensions in the small charge density (g -C TL ) limit we consider the 
Maxwell Chern-Simons (CS) action, 

/ / 1 K F ^p<y\ \ 

d s xV=~g (-jF 2 + (51) 

as a probe over the neutral background (1501) . Furthermore, from now on we set L = 
167 rG ,5 = 1 for the rest of our analysis. The resulting equation of motion turns out to be, 

V ct F ctA + -^= £ Aq ^F^F 7 , = 0. (52) 

V~9 

In order to solve (l52]h we choose the following ansatz for the gauge held namely, 


\ = (+(w), 0 , 0 , fBx, A z (u)). 


(53) 


Substituting the above ansatz (Fu>|) into (F>2jh we arrive at the following set of equa¬ 


tion 


... © — 2) 8kQS . 

+ ( u ) 4-+ ( u ) -|— 33 ^--A, = 0 


u 


3—Z r_9 2 

r 0 u 2 - 


A'' + 


/'(«) x\ , 8 k23-u 2 , 

V - - 1 A( + ^ - V (u) = 0. 


/(«) V ' 2 ’ K +3 f(u) 

The above set of equations (1541) could be formally re expressed as, 

8k<B 


f „3-z 


—A, + u z 2 if'{u ) ) = 0 


f(u) 8k53 

+ -J+3^( U ) = 0 


u 


(54) 


( 55 ) 


11 We have set e tey2 “ = l. 
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subjected to the fact that 99 ( 1 ) = /(1) = 0. Combining the above two equations in (155]) 
we finally obtain, 

m \ ( z ~ 2 ) u \ 64 K 2i B 2 u 2 

V (“) + (“) “ r 6(f-^ + 3) ^) = °- ( 56 ) 

The above differential equation (1561) in general is quite difficult to solve for some generic 
values of the dynamic critical exponent (z). Therefore in order to solve (156]) analytically 
we choose, z — 2 Lifshitz hxed point for the present case of study. With this choice, the 
corresponding near boundary solution (u —> 0) turns out to be, 



The chemical potential (/i) for the boundary held theory turns out to be, 


I 1 = <P<S>) 


v^r (|)' 


(58) 


On the other hand, the charge density (g) for the boundary held theory turns out to be, 



Using (148]) . (158|) and (159|) we hnally obtain, 

_ 2600a 2 < B 2 7 b ( 5 9//4 \/®k7b c^/tt \ 

■ = ~ 2 x / 4 (47t) 3 T 3 1 7r 7 / 4 r(l/4) “ r(3/4) J ' 


(59) 


(60) 


Note that even if c = 0, we still have a precise contribution to the longitudinal DC 
conductivity (ctdc) via this additional parity odd transport 7 b- 

Following the original approach developed in [ 8 j, our hnal goal is to provide the Kubo 
formulae corresponding to two of the transport coefficients namely, «2 and 7 b- In order to 
do that, we consider the simplest situation namely we go to the rest frame of the fluid such 
that = (1, 0, 0, 0). Moreover, we turn on the vector potential only along the y direction 
and at the same time the metric fluctuation with only non vanishing component h ty such 
that all of these fluctuations depend only along the z spatial direction. Considering all 
these facts we note that upto leading order in the fluctuations, 

T tx = 2 lB fiT 2 d z h ty 

T ty = —ph ty - aid t h ty + 2a 2 d t A y . (61) 

Finally, putting the above relations (IfTH) into the momentum space and differentiating 
with respect to the sources we note down the Kubo formulae in the Landau frame as, 

lB = lim —l—(T tx T tv ) 
k->o 2ikjiT 2 

a 2 = - lim -^—(T ty J y ). (62) 
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Note that in the Kubo formula of 7 # one needs to take the zero momentum (k —» 0) 
limit followed by a zero frequency (to — y 0 ) limit which is quite reminiscent to that of the 
Kubo formula for anomalous transports £5J. This similarity stems from the fact that both 
of these transports are associated with the parity odd contributions to the constitutive 
relations (1241) and (1251) . On the other hand, aq is the usual dissipative transport which is 
also reflected in its Kubo formula (l62|h 

We conclude our analysis with the following comments. First of all, it is interesting 
to note from (l60l) is that ©£ is finally determined in terms of only two of the Lifshitz 
transports namely, a 2 and 7 b- The other two transports (aq and ct 3 ) are not quite 
relevant in the low charge density limit. Secondly, and most importantly, we note that the 
leading behavior of ©£ goes with temperature as ~ T -5 , which therefore suggests that the 
anomalous contribution to the charge current is highly suppressed in the high temperature 
limit. Contrary to the previous observations corresponding to the z = 1 case (where the 
anomalous contribution to the conductivity scales as ~ T~ 2 [35j), this observation is in 
fact quite non trivial in the sense that for the Lifshitz sector the suppression of the 
conductivity with respect to the temperature is much more faster than its cousin in the 
relativistic sector. 


5 Summary and final remarks 

In this paper, based on the framework of linear response theory, we perform an analytic 
computation for the longitudinal DC conductivity associated with Lifshitz like fixed points 
in the presence of chiral anomalies in (3 + 1) dimensions. The key findings of our analysis 
could be summarized as follows: 

• Apart from having the usual contributions coming from the chiral anomaly (c), in our 
analysis we discover an additional (parity odd) contribution to the magnetoconductivity 
whose origin could be traced back into the lack of Lorentz boost invariance at a Lifshitz 
fixed point. 

• The Lifshitz sector (0£) of the DC conductivity does not contain any information re¬ 
garding the various relaxation times present in the system. It is also independent of the 
frequency (to) and therefore finite as tu —* 0 . 

• Finally, in our analysis we device the appropriate holographic set up in order to com¬ 
pute 0£ at strong coupling and low charge density limit. From our analysis we note that 
with the increase in temperature, ©£ decreases more rapidly compared to its relativistic 
(z = 1 ) cousins. 
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